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SEIR model

Consider a population size n and let xt “ rx
pSq
t , x

pEq
t , x

pIq
t , x

pRq
t sT:

x
pSq
t`1 “ x

pSq
t ´ Bt ,

x
pEq
t`1 “ x

pEq
t ` Bt ´ Ct ,

x
pIq
t`1 “ x

pIq
t ` Ct ´ Dt ,

x
pRq
t`1 “ x

pRq
t ` Dt ,

with

Bt „ Bin
´

x
pSq
t , 1´ e´βx

pIq
t {n

¯

,

Ct „ Bin
´

x
pEq
t , 1´ e´ρ

¯

,

Dt „ Bin
´

x
pIq
t , 1´ e´γ

¯

.
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General Latent Compartmental Model

(Whiteley and Rimella, 2021).

Let ξ
pkq
t be the location of individual k at time t then xt is given by:

x
piq
t “

n
ÿ

k“1

Irξpkqt “ is, for i “ S ,E , I ,R.

For each k “ 1, . . . , n:

ξ
pkq
0 „ π0 and ξ

pkq
t

ˇ

ˇ

´

ξ
pkq
t´1

¯

k“1,...,n
„ K

pξ
pkq
t´1,¨q

t,ηpxt´1q

with ηpiqpxtq “ x
piq
t {n for i P tS ,E , I ,Ru and:

Kt,ηpxq “

¨

˚

˚

˝

e´βη
pIqpxq 1´ e´βη

pIqpxq 0 0
0 e´ρ 1´ e´ρ 0
0 0 e´γ 1´ e´γ

0 0 0 1

˛

‹

‹

‚

.

We do not observe the full compartments xt , indeed for qt “ rq
pSq
t , q

pEq
t , q

pIq
t , q

pRq
t sT:

y
piq
t „ Binpx

piq
t , q

piq
t q, with i P tS,E , I ,Ru.
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Generalization to m compartments

Let ξ
pkq
t be the compartment of individual k at time t then xt is given by:

x
piq
t “

n
ÿ

k“1

Irξpkqt “ is, for i “ 1, . . . ,m.

For each k “ 1, . . . , n:

ξ
pkq
0 „ π0 and ξ

pkq
t

ˇ

ˇ

´

ξ
pkq
t´1

¯

k“1,...,n
„ K

pξ
pkq
t´1,¨q

t,ηpxt´1q

with ηpiqpxtq “ x
piq
t {n for i P t1, . . . ,mu and:

Kt,ηpxq is a stochastic matrix with m rows and m columns.

We do not observe the full compartments xt , indeed for qt “ rq
p1q
t , . . . , q

pmq
t sT:

y
piq
t „ Binpx

piq
t , q

piq
t q, with i P t1, . . . ,mu.
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Model extensions

We (Whitehouse et al., 2022) extended the model to include:

Immigration

Emigration

Mis-reporting

Spurious reporting
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Remark:

pxt , ytqtě0 is a Hidden Markov model (HMM)

Michael Whitehouse Nick Whiteley Lorenzo Rimella University of Bristol

Consistent and fast inference in compartmental models of epidemics via Poisson Approximate Likelihoods.



8/29

References

Inference

Given ppx0q “: ppx0 | y1:0q

ppxt´1|y1:t´1q
prediction
ÝÑ ppxt |y1:t´1q

update
ÝÑ ppxt |y1:tq,

where, for t ě 1,

ppxt |y1:t´1q “
ÿ

xt´1PNm
0

ppxt |xt´1qppxt´1|y1:t´1q,

ppxt |y1:tq “
ppyt |xtqppxt |y1:t´1q

ppyt |y1:t´1q
,

ppyt |y1:t´1q “
ÿ

xtPNm
0

ppyt |xtqppxt |y1:t´1q,

ppy1:tq “

t
ź

s“1

ppys |y1:s´1q.
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Circumventing the issue

Simulation based inference:

Sequential Monte Carlo
Approximate Bayesian computation

Deterministic Modelling

ODEs

Other approximate inference methods

Linear Noise Approximation
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Introducing the PAL

The general idea of the PAL is to obtain vector-Poisson
distribution approximation to each of the terms ppy1q and
ppyt |y1:t´1q, t ě 1, computed via vector-Poisson approximations to
each of the filtering distributions, i.e.

ppxt | y1:t´1q « Poipλtq,

ppxt | y1:tq « Poipλ̄tq,

ppyt | y1:t´1q « Poipµtq,

where x „ Poipλq means x piq „ Poipλpiqq.
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Approximating the prediction step

For x P Rm and a length-m probability vector η, let Mtpx,η, ¨q be
the transition kernel induced by Kt,η. Then we have:

ppxt |y1:t´1q “
ÿ

xt´1PNm
0

ppxt´1|y1:t´1qppxt |xt´1q

“
ÿ

xt´1PNm
0

ppxt´1|y1:t´1qMtpxt´1,ηpxt´1q, xtq,
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Approximating the prediction step

For x P Rm and a length-m probability vector η, let Mtpx,η, ¨q be
the transition kernel induced by Kt,η. Then we have:

ppxt |y1:t´1q “
ÿ

xt´1PNm
0

ppxt´1|y1:t´1qppxt |xt´1q

«
ÿ

xt´1PNm
0

Poipλ̄t´1qMtpxt´1,ηpE rxt´1sq, xtq,
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Approximating the prediction step

Lemma

Suppose that x „ Poispλq for λ P Rm
ě0 and x̄ piq „ Binpx piq, δpiqq

for δ P r0, 1sm. Then x̄ „ Poispλd δq. Furthermore, if µp¨q is the
probability mass function associated with Poispλd δq and Eµ r¨s is
the expected value under µ, then

ř

x̄PNm
0
µpx̄qMtpx̄,ηpEµ rx̄sq, ¨q is

the probability mass function associated with
Pois

`

pλd δqJKt,ηpλdδq

˘

.

ppxt |y1:t´1q « Poispλtq, with λt :“ pλ̄t´1dδtq
JKt,ηpλ̄t´1dδtq

`αt .
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Approximating the update step

In order to obtain a vector-Poisson approximation to ppxt |y1:tq we
substitute Poispλtq in place of ppxt |y1:t´1q in the update step,
which can be viewed as an application of Bayes’ rule, and we shall
define λ̄t to be the mean vector of the resulting distribution.
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Approximating the update step

Lemma

Suppose that x „ Poispλq for given λ P Rm
ě0 and let ȳ be a vector

with conditionally independent elements distributed
ȳ piq „ Binpx piq, qpiqq for given q P r0, 1sm. For G a row-stochastic
m ˆm matrix and M an m ˆm matrix with rows distributed
Mpi ,¨q „ Multpȳ piq,Gpi ,¨qq, let ỹ :“

řm
i“1 Mpi ,¨q y :“ ỹ ` ŷ where

ŷ „ Poispκq for a given κ P Rm
ě0. Then:

E rx|ys “ r1m´q`ptyJmrpqdλqJG`κJsurp1mbqqdGJsqJsdλ.

and y „ Poisprpλd qqJGsJ ` κq.
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Approximating the update step

ppxt |y1:tq « Poipλ̄tq

λ̄t :“ r1m´qt`pty
J
t mrpqtdλtq

JGt`κ
J
t surp1mbqtqdGJt sq

Jsdλt ,
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Algorithm 1

initialize: λ̄0 Ð λ0

1: for t ě 1:
2: λt Ð rpλ̄t´1 d δtq

JKt,ηpλ̄t´1dδtq
sJ `αt

3: λ̄t Ð r1m ´ qt

. `ptyJt mrpqt dλtq
JGt `κJt surp1mbqtqdGJt sq

Jsdλt

4: µt Ð rpλt d qtq
JGts

J ` κt

5: `pyt |y1:t´1q Ð ´µJt 1m ` yJt logpµtq ´ 1Jm logpyt !q
6: end for
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Consistency

We now allow quantities to depend on a parameter vector θ P Θ.
i.e. Kt,ηpθq, qtpθq, . . .

and λt,npθq, λ̄t,npθq,µt,npθq, and `npθq

Asymptotic analysis is under the large population regime nÑ8

and we fix a time horizon T ă 8.

Fix a ’ground truth’ parameter θ˚ P Θ
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Law of Large Numbers

we show that for certain deterministic vectors νtpθ
˚q and µtpθ

˚q,
t ě 1,

1

n
xt

θ˚
ÝÑ
a.s.

νtpθ
˚q,

1

n
yt

θ˚
ÝÑ
a.s.

µtpθ
˚q.
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We find deterministic vectors λt,8pθ
˚,θq and µt,8pθ

˚,θq, t ě 1,
θ P Θ, where µt,8pθ

˚,θq is a function of λt,8pθ
˚,θq, such that:

1

n
λt,npθq

θ˚
ÝÑ
a.s.

λt,8pθ
˚,θq,

1

n
µt,npθq

θ˚
ÝÑ
a.s.

µt,8pθ
˚,θq.

It turns out that:

λt,8pθ
˚,θ˚q “ νtpθ

˚q,

µt,8pθ
˚,θ˚q “ µtpθ

˚q.

So that, in this sense, we achieve asymptotically exact filtering:

n´1xt
θ˚
ÝÑ
a.s.

λt,8pθ
˚,θ˚q,

n´1yt
θ˚
ÝÑ
a.s.

µt,8pθ
˚,θ˚q.
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Theory illustration
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Consistency of the maximum PAL estimator

1

n
`npθq´

1

n
`npθ

˚q
θ˚
ÝÑ
a.s.

´

T
ÿ

t“1

KL
`

Poirµt,8pθ
˚,θ˚qs }Poirµt,8pθ

˚,θqs
˘

.
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Theory illustration

Figure: Simulation SEIR example.

Michael Whitehouse Nick Whiteley Lorenzo Rimella University of Bristol

Consistent and fast inference in compartmental models of epidemics via Poisson Approximate Likelihoods.



26/29

References

Consistency

Theorem

Let some assumptions hold and let θ̂n be a maximiser of `npθq.
Then θ̂n converges to Θ˚ as nÑ8, Pθ˚-almost surely.

(Whitehouse et al., 2022)

Θ˚ :“ tθ P Θ : µt,8pθ
˚,θq “ µt,8pθ

˚,θ˚q for all t “ 1, . . .T u

Identifiability:

Lemma

θ P Θ˚ ðñ µt,8pθ,θq “ µt,8pθ
˚,θ˚q, @t “ 1, . . . ,T ,
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Consistency

Theorem

Let some assumptions hold and let θ̂n be a maximiser of `npθq.
Then θ̂n converges to Θ˚ as nÑ8, Pθ˚-almost surely.

(Whitehouse et al., 2022)

Θ˚ :“ tθ P Θ : µt,8pθ
˚,θq “ µt,8pθ

˚,θ˚q for all t “ 1, . . .T u

Identifiability:

Lemma

θ P Θ˚ ðñ µt,8pθ,θq “ µt,8pθ
˚,θ˚q, @t “ 1, . . . ,T ,
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PAL applications

Can be embedded within a delayed acceptance particle mcmc
scheme to speed up exact bayesian inference

Can be used within Stan

Used to fit a large scale meta population model of measles

Whitehouse et al. (2022)
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Thanks, any Questions?
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