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Running example

As a running example, we consider a network of 111 enmities between 51
characters from the Harry Potter book series.

Data available from github.com/efekarakus/potter-network.
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Harry Potter enmity graph
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Harry Potter enmity graph
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Spectral clustering algorithm

1. Form a matrix representation of the graph, e.g.
• A

adjacency matrix,

• Lun = D� A
unnormalised Laplacian matrix,

• Lsym = D�1/2AD�1/2

symmetric Laplacian matrix,

• Lrw = D�1A
random walk Laplacian matrix.

2. Compute it’s d largest-in-magnitude eigenvalues s1, . . . , sd and
eigenvectors u1, . . . , ud .

3. Let X̂ = (X̂1, . . . , X̂n)> := U|S|1/2 where
• U := (u1, . . . , ud ),

• S := diag(s1, . . . , sd ).

4. Cluster X̂1, . . . , X̂n.



Stochastic block model (Holland et al., 1983)

Given

• a symmetric probability matrix B 2 [0, 1]K⇥K ,

• communities z1, . . . , zn 2 {1, . . . ,K},

the adjacency matrix A follows a stochastic block model if

aij
ind.
⇠ Bernoulli(bzi ,zj )

for i < j .
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Degree-corrected stochastic block model (Karrer and Newman, 2011)

Given

• weights w1, . . . ,wn 2 [0, 1],

• communities z1, . . . , zn 2 {1, . . . ,K},

• a symmetric probability matrix B 2 [0, 1]K⇥K ,

the adjacency matrix A follows a degree-corrected stochastic block model if

aij
ind.
⇠ Bernoulli(wiwjbzi ,zj )

for i < j .
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Harry Potter enmity graph
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Random walk Laplacian spectral embedding (second coordinate)



Random dot product graph (Young and Scheinerman, 2007)

Given X1, . . . ,Xn 2 Rd , the adjacency matrix A follows a random dot product
graph if

aij
ind.
⇠ Bernoulli(hXi ,Xji)

for i < j .

Remark

X1, . . . ,Xn are identified only up to a common orthogonal transformation.

Example (Degree-corrected stochastic block model)

Let v1, . . . , vK 2 Rd be such that bk` = hvk , v`i, then

Xi = wivzi , i = 1, . . . , n.
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Spectral embedding as estimating a random dot product graph

Theorem (Rubin-Delanchy et al. (2017))

There exists an orthogonal matrix Q such that with high probability...

• under adjacency spectral embedding

max
i

���QX̂i � Xi

��� ! 0,

• under symmetric Laplacian spectral embedding

max
i

����QX̂i �
Xi
p
ti

���� ! 0,

where ti =
P

jhXi ,Xji.

Theorem (Athreya et al. (2013); Tang and Priebe (2016))

The error distributions are asymptotically Gaussian.



New results

Theorem (Modell and Rubin-Delanchy (2021))

There exists an orthogonal matrix Q such that under random walk Laplacian
spectral embedding, with high probability,

max
i

���QX̂i � X̃i

��� ! 0,

where X̃i is a projective plane representation of Xi , and

n3/2
⇣
QX̂i � X̃i

⌘
d
! N (0,⌃(Xi ))

where ⌃(Xi ) has rank d � 1.

a) Xi b) �Xi c) QX̂+
i d) X̂+

i

e) X̂i

Figure 1: Theory pipeline. a) Latent positions in R2, corresponding to a degree-corrected stochastic
block model with three communities; b) Degree-corrected latent positions, which lie on a one-
dimensional hyperplane. Latent positions corresponding to the same community have the same
degree-corrected latent position; c-d) d-dimensional random walk spectral embedding which, in c),
is aligned to match the true degree-corrected latent positions; e) d � 1-dimensional random walk
spectral embedding (Definition 2.1), for input to subsequent clustering step.

when it is clear which we mean. When we wish to do inference in a way that is agnostic to degree,
we want to treat positions di�ering only by degree as equivalent. Since the degree of a node is
proportional to the magnitude of its latent position, this equivalence class is a ray. The space of
rays is most conveniently represented through a projective plane, that is, a hyperplane that doesn’t
pass through the origin. A point on this hyperplane represents the ray that passes through it, and
is known as its projective point. If we choose the hyperplane {x � Rd : (Ip,q

�
j Xj)�x = 1}, the

projective point of a ray {wXi : w � R} is

�Xi :=
Xi

ti
,

which we call a degree-corrected latent position. Figure 1a) provides an illustration of some latent
positions in R2 (shown as coloured dots) lying on one of three rays (shown as orange lines).
Figure 1b) displays their associated degree-corrected latent positions (shown as coloured squares)
and the one-dimensional hyperplane on which they live (shown as a black line).

We choose to present the theorems that follow in terms of the spectral embedding X̂+ =
(X̂+

1 , . . . , X̂+
n )� := (û1, X̂) � Rn�d which includes the trivial canonical eigenvector û1 = 1/

��
di

(and implicitly its trivial eigenvalue, 1) which is omitted in Definition 2.1. This embedding falls
entirely on a hyperplane which, again, can be interpreted as a projective plane representing rays.
Figure 1d) provides an illustration of such an embedding (shown as coloured diamonds) and associ-
ated rays (shown as orange lines), with the corresponding d�1-dimensional embedding X̂1, . . . , X̂n

shown in Figure 1e).
It is obvious from this diagram that there has been no attempt, in our setup, to make the

two projective planes the same, so that the set �X1, . . . , �Xn can only resemble X̂+
1 , . . . , X̂+

n after
some re-alignment. A matrix Q � O(p, q) provides the necessary transformation, which can be
deterministically constructed given the graph and the true (but unidentifiable) latent positions, so
is available in simulation (e.g. in Figure 2) but not in practice. Figure 1c) shows an illustration of
the action of Q.

We consider an asymptotic regime in which we let the number of nodes in the graph grow. In
order to facilitate graphs whose expected degree grows more slowly than n, we allow the latent
positions to shrink as the graph grows. To achieve this, a sparsity factor �n is introduced and,

instead of drawing Xi directly from F , �i is drawn from F and we set X(n)
i := �1/2

n �i. Here,
�n is a positive sequence such that either �n = 1 or �n � 0. In the special case of a degree-
corrected stochastic block model, the inter-community link probability matrix is �nB but we will

continue to define vk in terms of B, so that X(n)
i = �1/2

n vzi . While we talk of the “graph growing”,

5



Projective plane representations of the latent positions

Lemma

Let PH denote the projection onto the hyperplane

H = {x 2 Rd : (
X

j

Xj)
>x = 1},

then

X̃i := PH(Xi ) =
Xi

ti
.
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i
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Central limit theorem

a) raw embedding b) dense CLT c) sparse CLT d) fitted WGMM

Demonstration of the central limit theorem for a degree-corrected stochastic block model with

n = 8000 nodes and parameters

B =

0

@
0.08 0.06 0.06
0.06 0.10 0.06
0.06 0.06 0.12

1

A , w1, . . . ,wn
i.i.d.⇠ uniform(0.25, 1), ⇡ = (1/3, 1/3, 1/3).

Remark

Under a sparse degree-corrected stochastic block model, ⌃(Xi ) / w�1

i .
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