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Running example

As a running example, we consider a network of 111 enmities between 51
characters from the Harry Potter book series.

Data available from github.com/efekarakus/potter-network.



Harry Potter enmity graph

Node degrees

House

QO Gryffindor

® Huffiepuff

O NA

@ Ravenclaw
Q Slytherin

0000000 .0000'000000

| Lowap|oA pioT
[1on0d Auer

[ B seted

[ 1oBuesn suouiian

| hoiseam uoy

[ o snbuy

| abuesse xie|eg

| ai0pajquing snayy

[poeig snus

[ Aoyrew sniomy

[r yonoio Auieg, sniwalieg
[ Aoyiew ooeiq

[ e6puquin sauer saio0q

[ ieBeuosom erseuy
[ e6pn snjauiog

[ aqqei weouin
[ Aeising ewnied

[ioeig snmiosy sninboyy
[ adeug snieres

[ Aeiseam sbioen

[ Keiseam poid

[ 1onod sower

[ herseom Ailow

|. Aagoa

[ hersing uousen

L 1s100(S ENE

[ keising Aeipna

L. s aipp1y wor.

[ herseom Auuin

[ udn snwey

[ swuoy esopeydwin
[/ Apoo ,eA3-pep, Joisery
[ wonogbuoT eimen
[ horseam nuuy
umosg Jepuene
foyle essioeN
Bueyo oy

[ orexsey 106|

[ wonoqbuoT suesy
[ £10861q oupeo

L eIppiy Asepy

[ horseem aieuo

[ erseem ing

[ nooejeq ineiy

[ 45 wonoiy e, snweyeg

20

oalbap

10

0



Harry Potter enmity graph

Node degrees

Cluster

-~

o0

| HowapioA pio

[ senod Aueri

| maubined se1ed

[ 1ebuein suouisen

[ herseom uoy

| yong snbuy

| eBuense] xueliog

| a10pajquing snay
|.oeIg snuis

[ hoyren snion

| 9r yonoio  Aureg, sniweyreg
[ hoyre ooeiq

[ eBpuquin seuer seioloq
jeuIND SnuIND
[eBEUODO BAIOUIN
|86png snjeuiog

| Ayniy

[ 6obesy

|atkop Aioborn

[ eageso weouip

| Aeising elumag

| oe1g sninjosy snjnbey
[ edeus snienes

| forseam ebi00n

[ horseom peiy

| senog sewep

[ puben sneqny

|_1enod A

| Aeiseam Allow

. Aaqoq

| hersing uousen

| 1e100(S EYE

[ ke1sing Aeipna

15 eippiy wop

[ horseom Auuin

| udn snwey

[ swuoy esopeydwin

[ Apoo ,eA3-pen, 1oisery
| wonogBuoT smen

[ horseop inuuy

| umosg sepuene

[ hoyre essioren

| Bueyo oyo

| yosexsey 106|

[ wonoabuoT suesy

[ k108610 oupso
|_eppiy Arepy

[ herseom aieuo

| horseam
[ inooereq aneiy

15 uonoig fureg, sniwereg

20

oalbap




Spectral clustering algorithm

1. Form a matrix representation of the graph, e.g.

°A
adjacency matrix,
®*Lnhn=D-A

unnormalised Laplacian matrix,

° Lsym — pD-1/2pap—1/2

symmetric Laplacian matrix,

°L,=D"!A

random walk Laplacian matrix.

2. Compute it's d largest-in-magnitude eigenvalues si,...,ss and
eigenvectors ui, ..., Uqd.

3. Let X = (X1,...,X,)" := U|S|*/2 where
* U:=(u1,...,uUq),

® S:=diag(s1,...,Sq)-

~

4. Cluster )A(l, ey Xnn



Stochastic block model (Holland et al., 1983)

Given
® a symmetric probability matrix B € [0, 1]¥*¥,
® communities z1,...,2z, € {1,..., K},
the adjacency matrix A follows a stochastic block model if

ind. .
a; ~ Bernoulli(b,,,;;)

for i <.



Given

Stochastic block model (Holland et al., 1983)

® a symmetric probability matrix B € [0, 1
® communities zi, .

]K><K
zn €41,...,K},
the adjacency matrix A follows a stochastic block model if
for i <.

ind. .
a; ~ Bernoulli(b,,,;;)

Adjacency spectral embedding
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Symmetric Laplacian spectral embedding
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Harry Potter enmity graph

Adjacency spectral embedding Symmetric Laplacian spectral embedding
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Degree-corrected stochastic block model (Karrer and Newman, 2011)

Given
® weights wi,...,w, € [0,1],
® communities zi,...,z, € {1,...,K},

® a symmetric probability matrix B € [0, 1]%*¥,

the adjacency matrix A follows a degree-corrected stochastic block model if
ind. .
a; ~ Bernoulli(w;w;b;, ;)

for i <.



Given

Degree-corrected stochastic block model (Karrer and Newman, 2011)
® weights wi, .

] Whn € [07 1]'
® communities zi, .

zn €{1,...,K},
® a symmetric probability matrix B € [0, 1]%*¥,
the adjacency matrix A follows a degree-corrected stochastic block model if
ajj e Bernoulli(w;w; b, ,7;)
for i <.

Adjacency spectral embedding

Laplacian spectral embedding
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Harry Potter enmity graph
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Harry Potter enmity graph
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Harry Potter enmity graph

Random Walk Laplacian spectral embedding
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Harry Potter enmity graph

Random Walk Laplacian spectral embedding
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Harry Potter enmity graph

Random walk Laplacian spectral embedding (second coordinate)
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Harry Potter enmity graph

Cluster
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Random walk Laplacian spectral embedding (second coordinate)
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Harry Potter enmity graph

Random walk Laplacian spectral embedding (second coordinate)
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Harry Potter enmity graph

Random walk Laplacian spectral embedding (second coordinate)
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Random dot product graph (Young and Scheinerman, 2007)

Given Xi,..., X, € RY the adjacency matrix A follows a random dot product
graph if
ai "¢ Bernoulli((X;, X;))

for i <.
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Given Xi,..., X, € RY the adjacency matrix A follows a random dot product
graph if
ai "¢ Bernoulli((X;, X;))
for i <.
Remark

Xi,..., X, are identified only up to a common orthogonal transformation.



Random dot product graph (Young and Scheinerman, 2007)

Given Xi,..., X, € RY the adjacency matrix A follows a random dot product
graph if
ai "¢ Bernoulli((X;, X;))
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Xi,..., X, are identified only up to a common orthogonal transformation.

Example (Degree-corrected stochastic block model)
Let vi,..., vk € R? be such that by, = (vk, v¢), then

Xi = wivg, i=1,...,n.
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Random dot product graph (Young and Scheinerman, 2007)

Given Xi,..., X, € RY the adjacency matrix A follows a random dot product
graph if
ai "¢ Bernoulli((X;, X;))
for i <.
Remark
Xi,..., X, are identified only up to a common orthogonal transformation.

Example (Degree-corrected stochastic block model)
Let vi,..., vk € R? be such that by, = (vk, v¢), then

Xi = wivg, i=1,...,n.




Spectral embedding as estimating a random dot product graph

Theorem (Rubin-Delanchy et al. (2017))
There exists an orthogonal matrix Q such that with high probability...

® under adjacency spectral embedding
max HQ)%,- - X,-H o0,
!
® under symmetric Laplacian spectral embedding

o X;

max — 0,
1

where t; = Zj(xi7)<j>'

Theorem (Athreya et al. (2013); Tang and Priebe (2016))

The error distributions are asymptotically Gaussian.



New results

Theorem (Modell and Rubin-Delanchy (2021))

There exists an orthogonal matrix Q such that under random walk Laplacian
spectral embedding, with high probability,

max HQ)A(,- — )N(,H — 0,
where X; is a projective plane representation of X;, and
/> (Q>“<,- - x) < N(0, (X))

where X(X;) has rank d — 1.




Projective plane representations of the latent positions

Lemma
Let Py denote the projection onto the hyperplane

H={xecR": (ZX,—)TXZ 1},

then

)?,' = P'H(X,') = é




Central limit theorem

a) raw embedding b) dense CLT c) sparse CLT d) fitted WGMM

Demonstration of the central limit theorem for a degree-corrected stochastic block model with
n = 8000 nodes and parameters

0.08 0.06 0.06 .
B= (006 010 0.06|, wy,...,w, ~ uniform(0.25,1), == (1/3,1/3,1/3).
0.06 0.06 0.12



Central limit theorem

a) raw embedding b) dense CLT c) sparse CLT d) fitted WGMM

Demonstration of the central limit theorem for a degree-corrected stochastic block model with
n = 8000 nodes and parameters

0.08 0.06 0.06 .
B= (006 010 0.06|, wy,...,w, ~ uniform(0.25,1), == (1/3,1/3,1/3).
0.06 0.06 0.12

Remark
Under a sparse degree-corrected stochastic block model, X(X;) oc w; !
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